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1 Introduction

This paper considers the updating of posterior densities for pharmacokinetic models which have
changing parameter values. The main assumption is that the prior probability has the form of a
discrete density and that parameter changes can be suitably modeled as \jumps" from one model
support point to another within the same discrete set. The authors' main motivation for studying
this estimation problem is for developing better controllers, i.e., to extend the present Multiple
Model (MM) active control approach outlined in [1] to designing dosage regimens for unstable
patients with varying parameter values.

The discrete prior assumption is consistent with recent results on maximum likelihood (ML)
estimation which have shown that the nonparametric ML estimate of a population pharmacokinetic
model is of this form (cf., Lindsay [2], Mallet [3]). Our laboratory has used a Nonparametric
Expectation Maximization (NPEM) approach to determine such optimal discrete ML population
models [4].

In the case of discrete priors, the multiple model (MM) estimation approach provides an exact
analytical solution for updating Bayesian posteriors [5]. This has led to renewed interest in multiple
model approaches of estimation and control for application to pharmacokinetic control problems
[6][7][1]. The MM estimator works well where the patient's parameters are unknown but constant
[1]. However, in the case where parameters can vary, the MM estimator is sub-optimal, and several
modi�cations of the basic MM approach have been suggested in the literature (cf., [8][9] for survey).
Recently, the Interactive Multiple Model (IMM) algorithm has emerged as a simple and e�ective
suboptimal approach [10][11][9].

In this paper the IMM algorithm is applied to updating posterior densities in pharmacokinetic
estimation problems which have changing parameter values. The IMM algorithm is described, and
compared to the sequential MM and Maximum A-Posteriori (MAP) Bayesian estimation methods
which are presently used for posterior updating when pharmacokinetic parameters do not change.
The methods will be demonstrated using both simulated and real clinical data for a patient receiving
the drug Tobramycin. The report has been presented in an earlier abridged form as a conference
paper [13].

2 Multiple Model Linear Estimation

2.1 Multiple Model Formulation

Consider the s linear models,

_x(�`; t) = A(�`)x(�`; t) +B(�`)u(t) +W (�`)w(t); [` = 1; :::; s] (1)

where x(�`; t) 2 Rn is the state of the `th model at time t; u 2 R1 is an exogenous input (e.g., IV
infusion rate), and w 2 Rn is a white Gaussian vector noise process with unit covariance matrix.

De�ne a set of event times tk; k = 1; :::; N . Let the input u(t) be a constant uk during each
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interval [tk ; tk+1) i.e., let

u(t) =
N�1X
k=1

�[tk ; tk+1)(t)uk+1; u = [u1; :::; uN]
T (2)

where � denotes the standard indicator function (i.e., �[tk ; tk+1)(t) = 1 for t 2 [tk; tk+1) and 0
elsewhere). Then each model (1) can be discretized exactly as,

xk+1(�`) = �k(�`)xk(�`) + �k(�`)uk +Wk(�`)wk (3)

where,
�k(�`) = exp(A(�`)�(k)) (4)

�k(�`) =
Z �(k)

0
exp(A(�`)�)d�B(�`) (5)

�(k) = tk+1 � tk (6)

and where the choice ofWk is used (see Section 3) to model various errors in the clinical environment
as process noise.

3 Process Noise Models

The process noise Wkwk in (3) is represented as the sum of three separate terms as follows,

Wkwk =Mkw
1
k +Dkw

2
k + Tkw

3
k (7)

where Mkw
1
k represents the modelling error; Dkw

2
k represents the dosage preparation error;

and Tkw
3
k represents the dosage timing error. These noise terms wi

k; i = 1; 2; 3 are assumed to
be mutually statistically independent Normal noise processes with unit covariance, and the total
process noise covariance can be correspondingly calculated as,

WkW
T
k =MkM

T
k +DkD

T
k + TkT

T
k (8)

Each of the contributing process noise sources will be treated separately below.

3.1 Modelling Error

It is assumed that errors in the structure of the continuous-time models (1) have been \absorbed"
into the process noise term W (�`). This is a common way to represent additional compartments,
nonlinearities, interactions, complexities, etc., which are not captured by the dynamics part of (1)
alone. It is assumed thatW in (1) has already been suitably chosen to re
ect modelling error in the
continuous-time model. As such, the transformation to discrete-time can be calculated as follows.
Consider the linear system,

_x = Ax+Ww (9)
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Assuming that x(tk) = 0, the propagation of the state from time tk to time tk+1 can be calculated
as,

xk+1
�
= x(tk+1) =

Z tk+1

tk

eA(tk+1��)Ww(�)d� (10)

Consider the representation xk+1 =Mkw
1
k for the new discrete-time state. Then,

MkM
T
k = Cov(xk+1) = E[xk+1x

T
k+1] (11)

= E
hZ tk+1

tk

eA(tk+1��1)Ww(�1)d�1
�Z tk+1

tk

eA(tk+1��2)Ww(�2)d�2
�T i

(12)

=
Z tk+1

tk

Z tk+1

tk

eA(tk+1��1)WE[w(�1)w
T (�2)]W

T (eA(tk+1��2))Td�1d�2 (13)

=
Z tk+1

tk

eA(tk+1��1)WWT (eA(tk+1��1))Td�1 (14)

=
Z �(k)

0
eA(�)�W (�`)W

T (�`)(e
A(�)�)Td� (15)

Here, (10) is substituted into (11) to get (12); the noise property E[w(�1)w
T (�2)] = �(�1 � �2) is

used in in (13) to get (14), and the change of variable � = tk+1 � �1 is used in (14) to get (15).

The expression (15) can be computed exactly using integration. In order to simplify the com-
putation, the approximation,

eA� � I (16)

can be used in (15) to give the simpler (but approximate) expression,

MkM
T
k = WkW

T
k (tk+1 � tk) (17)

which gives upon rearranging,
Mk = Wk

p
tk+1 � tk (18)

3.2 Dosage Amount Error

Usually, there is some error in the preparation of the prescribed dose amount. This error is modelled
using the extra term Dkw

2
k in the overall process noise of (7). An analysis to model the e�ect of

dose amount error is given here.

Let a desired dose at time t = tk be speci�ed as uk . Due to preparation error the amount is given
as (1� �D)uk where �D is a constant percentage error. Then, (assuming no other error sources) the
state can be calculated as,

xk+1 = �kxk + �kuk � �D�kuk (19)

The deterministic perturbation �D�kuk will be treated heuristically as if it came from a random
additive perturbation,

�D�kuk ' Dkw
2
k (20)
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where w2
k is white Gaussian noise. The noise scaling matrix is chosen to give 1-sigma values ap-

proximating to deterministic perturbation ��D�kuk, i.e.,

Tk = diagf�D�kukg (21)

Here the operator V = diag(v) de�nes a diagonal matrix V using the entries of the vector v.

3.3 Dosage Timing Error

Due to practical constraints, doses are rarely given at exactly the time they are prescribed or
recorded. In order to model the e�ect of dose timing errors, the extra term Tkw

3
k has been added to

the overall process noise in (7). Intuitively, the e�ects of dose timing errors are larger when doses
are larger. A dose timing error model which characterizes this e�ect is given here.

Consider the propagation of the continuous-time system,

_x = Ax+ Bu (22)

starting with zero state xk�1 = x(tk�1) = 0 at time t = tk�1, where the input is (ideally) intended
to change from u = uk�1 to u = uk at time t = tk . However, due to dose timing error, the input
changes as early as t� = tk � �T or as late as t+ = tk + �T . Then depending upon the actual dose
time, one can correspondingly compute the new state as,

x+k+1 =
Z t�

tk�1

eA(tk+1��)Bd�uk�1 +
Z tk+1

t�
eA(tk+1��)Bd�uk (23)

or,

x�k+1 =

Z t+

tk�1

eA(tk+1��)Bd�uk�1 +

Z tk+1

t+
eA(tk+1��)Bd�uk (24)

Subtracting (23) from (24) gives,

�xk+1 = x+k+1 � x�k+1 (25)

=
Z t+

t�
eA(tk+1��)Bd�(uk � uk�1) (26)

=
Z �T

��T

eA(tk+1�tk+�)Bd�(uk � uk�1) (27)

= �k

Z �T

��T

eA�Bd�(uk � uk�1) (28)

where (27) follows by the substituting � = tk � � into (26), and (28) follows by rearranging (27)
and using de�nition (51).

The expression (28) can be computed exactly using integration. In order to simplify the com-
putation, the approximation,

eA� � I + A� +
1

2
A2�2 (29)
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can be used in (15) to give the simpler (but approximate) expression,

�xk+1 ' �k(2�TI +A2�3T =3)B(uk � uk�1) (30)

The perturbation �xk+1 will be treated heuristically as if it came from a random additive pertur-
bation,

�xk+1 ' Tkw
3
k (31)

where w3
k is white Gaussian noise. The noise scaling matrix is chosen to give 1-sigma values ap-

proximating the worst-case deterministic perturbation �xk+1, i.e.,

Tk = diag
n
�k(2�TI +A2�3T =3)B(uk � uk�1)

o
(32)

4 Measurement Noise Models

4.1 Measurement Model

Events during which measurements are taken are indicated using a 
ag vector H = [H1; :::;HN]
where,

Hk =

(
1 if a measurement is taken at time t = tk
0 otherwise

(33)

The actual measurements are generated by the truth model �� and are assumed to be of the
form,

yk = Ck(�
�)xk(�

�) + Vk(�
�)vk (34)

where �� is assumed to be in the model set (i.e., �� = �` for some ` = 1; ::; s); vk is a white Gaussian
vector noise process.

Consider the multiple model system equations (1)(3). Each model has a measurement equation
of the form,

yk = Ck(�`)xk(�`) + Vk(�`)vk (35)

4.2 Assay Errors

For the purposes of modelling measurement errors associated with laboratory assays, the measure-
ment noise in (35) is decomposed into two terms,

Vk(�`)vk = Vfk v
1
k + Vakv

2
k (36)

where v1k and v2k are independent white unit normal noise sequences; Vfk (�`) is a �xed quantity
(assumed speci�ed); and Vak is the assay error represented in terms of the polynomial,

Vak = a0 + a1yk + a2y
2
k + a3y

3
k (37)

This represents a slight abuse of the multiple model formulation since the covariance has measure-
ment dependent terms. However, assay error polynomials are often available in practice and (37)
provides a convenient method for incorporating this extra knowledge.
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5 Multiple Model (MM) Update Formulas

Given a discrete prior, linear dynamics, and Gaussian process and measurement noises, the condi-
tional probability density of the state is known to propagate as the following Gaussian sum [5],

p(xkjIk) =
sX

`=1

p(�`jIk) �N(xk � bxk(�`); Pk(�`)) (38)

where it has been convenient to use the notations,

N(x;X)
�
=

1

(2�)n=2jX j1=2
e�

1

2
xTX�1x; x 2 Rn (39)

Ik = [u1; :::; uk�1; y1; :::; yk] (40)

At each new event time tk+1, the means bxk(�`) and covariances Pk(�`) of the models �`; ` = 1; :::; s
are updated using a bank of Kalman �lters (KFs) as follows [5],

A-Priori Update bxk+1jk(�`) = �k(�`)bxk(�`) + �k(�`)uk (41)

Mk+1(�`) = �k(�`)Pk�
T
k (�`) +Wk(�`) (42)

A-Posteriori Update (State)

bxk+1(�`) = bxk+1jk(�`) +Hk+1Kk+1(�`)
�
yk+1 � Ck+1(�`)bxk+1jk(�`)� (43)

Kk+1(�`) = Pk+1(�`)C
T
k+1(�`)V

�1
k+1(�`) (44)

Pk+1(�`) = Mk+1(�`)� Hk+1Mk+1(�`)C
T
k+1(�`)


�1
k+1(�`)Ck+1(�`)Mk+1(�`) (45)


k+1(�`)
�
= Ck+1(�`)Mk+1(�`)C

T
k+1(�`) + Vk+1(�`) (46)

A-Posteriori Update (Model Probabilities)

p(�`jIk+1) =

(
p(yk+1jIk; uk; �`)p(�`jIk)=dk if Hk+1 = 1
p(�`jIk) if Hk+1 = 0

(47)

dk =
sX

`=1

p(yk+1jIk; uk; �`)p(�`jIk) (48)

p(yk+1jIk; uk; �`) = N
�
yk+1 � Ck+1(�`)bxk+1jk(�`); 
k+1(�`)

�
(49)

where the notation (39) is used, and the probabilities are initialized as,

p(�`jI0) = p(�`); ` = 1; :::s (50)
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It is noted that if no measurement is taken at time tk+1, then the a-posteriori estimates are
taken to be identical to the a-priori estimates, i.e.,

bxk+1(�`) = bxk+1jk(�`) (51)

Pk+1(�`) = Mk+1(�`) (52)

p(�`jIk+1) = p(�`jIk) (53)

and it is not necessary to compute (44)(46)(48)(49).

Since the conditional density in (38) is updated after each separate measurement, this procedure
de�nes a sequential algorithm for updating the Bayesian posteriors over a given horizon or collection
of measurements.

The MM estimate is de�ned as the mean of the conditional density (38), i.e.,

bxMM
k =

sX
`=1

p(�`jIk) � bxk(�`) (54)

The sequential MM estimate is simply a weighted average of the model-conditioned state estimates
at each time instant, weighted by their model probability. In contrast, the sequential MAP Bayesian
estimate is de�ned by taking the state of the single model whose probability is the largest at any
given time instant, i.e., bxMAP

k = bxk(�`�
k
) (55)

where,
`�k = arg max

`
p(�`jIk) (56)

6 Interactive Multiple Model (IMM) Update Formulas

In the interactive multiple model approach, the true subject's parameters are permitted to jump
from the i'th model �i to the j'th model �j , at time k, where the indices i; j; k are arbitrary. For
this purpose, a more general notation must be adopted. Since the models can jump as a function
of time k, it is convenient to index the models by number and time as follows,

�i(k); i = 1; :::; s; k = 1; :::; N � 1 (57)

The quantity �i(k) is associated with the hypothesis that the true subject has parameters �i at time
k.

Consider the case where there are s models at time k � 1. Let the probability of a jump from
model i to model j at time k be denoted as,

�ji(k)
�
= p(�j(k)j�i(k � 1)) (58)

The model probabilities are then propagated as the Markov Chain,

p(�j(k)jIk�1) =
X
i

�ji(k)p(�i(k � 1)jIk�1); j = 1; :::; s (59)
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There is generally no restriction on the choice of �ji (they can even be dependent on Ik�1 if
necessary). However, for simplicity they will be chosen in the present application as,

�ji(k) =

(
� if i = j
(1� �)=(s� 1) otherwise

(60)

This choice assigns probability � to all diagonals of the Markov Chain matrix (i.e., the probability
of not jumping is the same for all models) and the remaining probability is equally assigned across
the remaining models (jumps are equally probable between any two models).

The IMM estimate is computed identically to the MM estimate discussed in Section 5 above,
except for an additional mixing step which makes use of the Markov chain (59) [11][9]. The main
idea behind the mixing step is to write the probability of the state xk�1 conditioned on the hypothesis
that the truth model is �j at the next instant k, i.e.,

p(xk�1jIk�1) =
sX

i=1

p(xk�1j�j(k); Ik�1)p(�j(k)jIk�1) (61)

With this conditioning, each term in (61) can be calculated separately. The second term on the
RHS of (61) is given by the Markov chain (59). The �rst term on the RHS of (61) is calculated as,

p(xk�1j�j(k); Ik�1) =
sX

i=1

p(xk�1j�j(k� 1); �j(k); Ik�1) � p(�i(k � 1)j�j(k); Ik�1) (62)

=
sX

i=1

p(xk�1j�j(k� 1); Ik�1) � �ijj(k) (63)

where the mixing probabilities have been conveniently de�ned as,

�ijj(k)
�
= p(�i(k � 1)j�j(k); Ik�1) (64)

At this point it is noted that the expression in (63) is a Gaussian sum, i.e., a weighted sum
of s di�erent Gaussian densities. In principle, the propagation from this point forward can be
calculated "exactly" by splitting the Kalman �lter bank (i.e., by conditioning on the enumerated
jump possibilities) into s banks of s �lters each to track the propagation of each Gaussian pulse
separately. This gives s2 Kalman �lters. If only a single jump at time k were permitted over the
entire horizon, this bank of s2 KFs would give an exact solution to the problem. However, jumps
are generally allowed at other times as well. The enumeration of jumps in this manner will split the
bank at each time instant, giving a total of sN required Kalman �lters over a horizon of N steps.
Unfortunately, such computation quickly becomes unwieldy. For example, a discrete density with
s = 30 points over a horizon of N = 10 gives 3011 = 18 � 1015. It is at this point that the IMM
algorithm a�ords a useful approximation.

The key approximation in the IMM algorithm is to replace the Gaussian sum expression (61)
by a single Gaussian density whose mean and covariance are chosen equal to that of the entire sum,
i.e.,

sX
i=1

p(xk�1j�j(k � 1); Ik�1) � �ijj(k) ' N(bxk�1(�j(k); Pk�1(�j(k)) (65)
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where,

bxk�1(�j(k)) �
=

sX
i=1

bxk�1(�i(k� 1))�ijj(k) (66)

Pk�1(�j(k))
�
=

sX
i=1

[Pk�1(�i(k�1))+(bxk�1(�i(k�1))�bxk�1(�j(k))(bxk�1(�i(k�1))�bxk�1(�j(k))T ]�ijj(k)
(67)

This collapses the number of Kalman �lters back to s, and the recursive procedure can be
reproduced at the next iteration to give an algorithm which propagates using only s Kalman �lters.
All that remains is to �nd a formula for the mixing probabilities de�ned in (64). This is done using
Bayes' rule as follows,

�ijj(k)
�
= p(�i(k � 1)j�j(k); Ik�1) (68)

=
p(�i(k � 1); �j(k)jIk�1)

p(�j(k)jIk�1)
(69)

=
�ji(k)p(�i(k � 1)jIk�1)

p(�j(k)jIk�1)
(70)

The IMM mixing step is applied directly after each a-posteriori update in Section 5 in the standard
MM equations. It is mechanized by �rst computing the Markov chain update (59), then computing
the mixing probabilities using (70), and then computing the equivalent mean and covariance in
(66)(66) for each model. The computation then continues with the standard MM a-priori update
in Section 5, and then a-posteriori update (after the next measurement) where the \after jump"
probabilities p(�`(k+1)jIk) from (59) now play the role of the prior probabilities p(�`jIk) in (47)(48).

7 Numerical Example (Simulation)

7.1 Tobramycin Infusion Model

In this section, the above estimation approaches are applied to a simulated example. For the
purposes of this paper, the Tobramycin pharmacokinetic model will be represented as the 1-
compartment model,

_x(�`; t) = A(�`)x(�`; t) + B(�`)u (71)

A(�`) = [�Ke(`)]; B(�`) = [1] (72)

The measured variable y is the concentration in the central compartment, i.e.,

y(�`; t) = C(�`)x(�`; t) (73)

C(�`) = [1=V (`)] (74)

Here, the vector �` = [Ke(`); V (`)] attains discrete values �`; ` = 1; :::; s in a set �, each with
probability p(�`). Speci�cally, the elimination rate constant Ke(`) is de�ned by,

Ke(`) = Ki(`) +Ks(`) � Ccr (75)

12



where Ccr is the measured or estimated creatinine clearance of the patient, and the volume V (`) is
given by,

V (`) = Vs(`) �BW (76)

where BW denotes the patient's body weight (in kilograms). For this simulation, the parameters
Ki(`); Ks(`); Vs(`) and their prior probabilities p(�`) are based on a small NPEM population model
of Tobramycin. The discrete joint density parameters are summarized in Table 1.

` p(�`) Ks Vs Ki

probability hr�1/unit CCr L=kg hr�1

1 .5002753e-01 .944339e-03 .617568 .693150e-02

2 .5147634e-01 .980314e-03 .783951 .693150e-02

3 .3221748e-01 .156341e-02 .355751 .693150e-02

4 .6929264e-01 .169681e-02 .347757 .693150e-02

5 .4872111e-01 .170880e-02 .403218 .693150e-02

6 .1022884 .173279e-02 .514140 .693150e-02

7 .5445284e-01 .256770e-02 .250625 .693150e-02

8 .1190895 .279554e-02 .304387 .693150e-02

9 .8498735e-01 .330219e-02 .397622 .693150e-02

10 .6120562e-01 .339662e-02 .459378 .693150e-02

11 .4238511e-01 .371740e-02 .192965 .693150e-02

12 .7461239e-01 .447886e-02 .214750 .693150e-02

13 .1703741 .449086e-02 .270211 .693150e-02

14 .3829396e-01 .484011e-02 .260518 .693150e-02

Table 1: Pharmacokinetic model parameters and probabilities

The true subject's body weight and creatinine clearance are chosen as piecewise contant in time
according to the values given in Table 2.

Time BW Ccr
(hrs) (kg) (units Ccr)

34.00 80 109.8376

64.00 80 95.4720

186.50 80 23.9322

213.00 80 12.6395

228.58 80 19.9181

250.25 80 18.2493

301.50 80 18.7030

Table 2: Body weight and creatinine clearance values
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7.2 Jump Parameter Simulation

Tobramycin is administered as a train of short .5 hour infusions whose infusion rates are plotted in
Figure 1. The motivation for using this infusion regimen, is that it was given to a particular patient
whose responses will be studied in a separate clinical data section of this report (cf., Section ??

below).
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Figure 1: Tobramycin dosage inputs

The system response is simulated by assuming that the true subject's parameters jump from
model ` = 1 to that of model ` = 7 at time t = 255 hours. The true subject's response (concentration
y of the central compartment) is shown plotted in Figure 2. The \*" symbol denotes measurements
of the form yk in (34) taken at the speci�c times tk shown. While the concentrations shown after
the jump at t = 255 hours may appear to be somewhat unrealistic at �rst, they are not outside the
limits of the clinical experience of the authors. In any event, the simulated clinical situation shown
here presents a signi�cant challenge to any pharmacokinetic analysis, which is the main point to be
made.

14



0 50 100 150 200 250 300 350 400
0

5

10

15

20

25

30

35
Tobramycin Simulation

time (hrs)

S
er

um
 C

on
c 

(u
g/

m
l)

Figure 2: Tobramycin simulation response: True (solid line), measurements (*)
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7.3 MM and MAP Bayesian Estimation Results

Given the input and output data from the simulated response, the MM estimation approach dis-
cussed in Section 5 is applied to updating posteriors. The sequential MM estimate of the output y is
shown as the solid line in Figure 3. The sequential MAP Bayesian estimate is shown as the dashed
line in Figure 3. The MM and MAP estimates are hard to distinguish since they are nearly identical.
The noisy measurements are superimposed using the symbol \*" to show the correspondence.

It is seen in Figure 3 that the estimated output agrees well with the �rst 7 measurements, which
all occur before the jump at time t = 255 hours. After the jump, it takes some time for the MM
estimator to track the change. Speci�cally, both the sequential MM and MAP Bayesian estimates
appear to track correctly by the 13th measurement (at time t = 313:33 hours).

The propagation of the sequential posterior model probabilities with each measurement update
is shown in Figure 4. Before the jump at t = 255 hours, the estimator settles (correctly) on model
` = 1 with nearly probability one. At measurement 9 (the second measurement after the jump
occurs) the probability of model ` = 1 drops sharply, and the estimator converges momentarily on
model ` = 3, until the 17th measurement (at time t = 349:83 hours) when it (correctly) settles on
` = 7. This 7th model is maintained with nearly probability one for the remainder of the updates.

Estimates of the elimination constant Ke, volume V , and clearance Ke �V corresponding to the
mode of the sequential MM estimator are plotted in Figure 5. A drop in the true and estimated
values is seen after the jump time of t = 255 hours.
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Figure 3: MM (solid) and MAP Bayesian (dotted) estimates of serum concentration measurements
(*)
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Figure 4: MM and MAP Bayesian model probabilities
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Figure 5: PK Parameters: True (solid) and MM mode estimates (*)
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7.4 IMM Estimation Results

Here, the IMM estimation approach discussed in Section 6, is applied to updating posteriors. For
this purpose, a value of � = :99999 is used to de�ne the Markov Chain probabilities in (60). The
IMM estimate of the output y is shown as the solid line in Figure 6. The estimated output agrees
well with the �rst 7 measurements, which all occur before the jump at time t = 255 hours. After
the jump, it only takes until the 12th measurement for the IMM estimator to track correctly (at
time t = 303 hours).

The propagation of the posterior model probabilities is shown in Figure 7. Before the jump at
t = 255 hours, the estimator settles (correctly) on model ` = 1 with nearly probability one. At
measurement 8 (the �rst measurement after the jump occurs) the probability of model ` = 1 drops
sharply, and the estimator converges immediately (and correctly) to model ` = 7. This 7th model
is maintained with nearly probability one for the remainder of the updates.

Sequential MM mode estimates of Ke; V , and Ke � V are plotted in Figure 8. A drop in true
and estimated values is seen after the jump time t = 255 hours.
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Figure 6: IMM estimate of serum concentration (solid), and measurements (*)
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Figure 7: IMM model probabilities
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Figure 8: PK Parameters: True (solid) and IMM mode estimates (*)
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7.5 Comparison of MM, MAP Bayesian and IMM

Comparing model probabilities in Figure 4 with Figure 7, the IMM algorithm detects the jump
immediately, while the MM and MAP Bayesian estimates do not react to the jump until the second
measurement afterwards, and in addition are seen to take a brief (incorrect) excursion to model
` = 3. This same relative detection performance can be seen by comparing the sequential MM and
IMM parameter estimates in Figure 5 and Figure 8, respectively.

As an additional means of comparison, the true estimation errors (known from simulation) are
plotted in Figure 9. The IMM (solid line) has a much smaller estimation error and approximately
half the total integrated error compared to MM (dashed) and MAP Bayesian (dotted).
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Figure 9: Comparison of estimation errors for IMM (solid), MM (dashed), and MAP Bayesian
(dotted), for patient with jump in parameter values at time t = 255 hours
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8 Numerical Example (Clinical Data)

8.1 IMM Estimation Results (Nominal)

The IMM estimator was next applied to a jump parameter scenario using real clinical data. The
clinical data set uses the Tobramycin dose regimen shown Figure 1 and has measured body weight
and creatinine clearance values given in Table 2, (this motivated using this same data set in the
earlier simulation study). The actual measured clinical serum Tobramycin concentrations found in
the patient are shown with \*" in Figure 10. The sharp increase in measured levels after 200 hours
shows the change in the patient's serum concentrations as the result of having to give much higher
doses to reach desired concentrations.

Background on this clinical data set is brie
y given. In the fall of 1991, through the courtesy
of Dr. Evan Begg, Division of Clinical Pharmacology, Christchurch Hospital, Christchurch, New
Zealand, one of the authors (R.J.) had the opportunity to analyze data of a patient receiving
Tobramycin therapy for pyelonephritis. For the �rst 150 hours, he appeared to be responding
adequately to his therapy. When the two serum concentrations during this time (the �rst two data
points in Figure 10) were �tted using the nonsequential MAP Bayesian procedure in the USC*PACK
software [12], his Vs was 0:183L=kg, his Ks was 0:0028 hr�1/unit of creatinine clearance (CCr),
and Ki was 0:0069 hr

�1. Between 150 and 180 hours, he had a surprising relapse and went into
clearcut septic shock. Using the same USC*PACK software to analyze only his subsequent data
(the remaining data points in Figure 10), his Vs had increased over threefold to 0:608 L=kg, his Ks

to 0:0062 hr�1/unit of CCr, and his Ki to 0:025 hr�1.

The IMM estimate of the serum concentration is shown (solid line) in Figure 10. The tracking
of the measured serum concentrations is quite acceptable.

The sequential IMM propagation of the posterior model probabilities with each measurement
update is shown in Figure 11. After the second measurement, model ` = 11 (having parameters
Vs = 0:193 L=kg, Ks = 0:0037 hr�1/unit of CCr, and Ki = 0:0069 hr�1), was found with nearly
probability one. However, after the third measurement, a jump is indicated by the sharp drop in
probability of model ` = 11 to nearly zero, and the associated increase in probability of the model
` = 2 (having parameters Vs = 0:784 L=kg,Ks = 0:00098 hr�1/unit of CCr, and Ki = 0:0069 hr�1),
to nearly one. Model ` = 2 then dominates in probability over the remainder of the horizon, although
there are brief 
irtations (some of them strong) with models ` = 6; 10; 12; 14 and 9 along the way.
Intuitively, IMM is explaining measured data by �nding appropriate combinations of responses in
the model set.
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Figure 10: IMM estimate of serum concentration (solid), and measurements (*) for clinical data
set. At about t = 180 hours the patient condition changed signi�cantly, and septic shock occurred.
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Figure 11: IMM model probabilities for clinical data set
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Figure 12: PK Parameters: IMM mode estimate (*) for clinical data set
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8.2 IMM Estimation Results (with Extra Model)

The various 
uctuations seen in the IMM model probabilities of Figure 11 indicate that there may
not be a single model in the discrete population model set which adequately captures the response
after the jump has occurred.

For this reason, an additional model (�tted to the third and subsequent measurements using the
nonsequential MAP Bayesian procedure in the USC*PACK software [12]), was used to augment the
original NPEM model. The additional model ` = 15 has the parameters,

Ks(15) = 0:0062; Vs(15) = 0:608; Ki(15) = 0:025 (77)

The IMM estimator was run again on the clinical Tobramycin data set using the augmented popu-
lation model. Results are shown in Figure 13. An improvement in tracking of the measured data is
seen compared to the earlier results in Figure 10 using the population model without augmentation.

The posterior model probabilities are shown in Figure 11, There is a clear indication that IMM
is trying to converge on the new model ` = 15 after the jump has occurred, although as before,
there are a few 
uctuations along the way.

It is worth mentioning that the 
uctuations in the IMM estimate seen at measurements 9 and
18 in Figure 11 correspond to abnormally high peaks seen in Figure 13, and hence may actually be
indicative of additional true patient parameter changes at these brief moments.
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Figure 13: IMM estimate of serum concentration (solid), measurements (*): with extra model,
clinical data set
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Figure 14: IMM model probabilities: extra model, clinical data set
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Figure 15: PK Parameters: IMM mode estimate (*): extra model, for clinical data set
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9 Conclusions

We have examined the use of the interacting multiple model (IMM) estimation algorithm for clinical
tracking of time-varying pharmacokinetic parameters. The performance of the IMM estimator
was compared with the sequential MM and MAP Bayesian estimators using a simulated example
involving the drug Tobramycin. The IMM algorithm was able to detect a simulated jump cleanly
and immediately without delay, compared to the MM and MAP Bayesian estimates which did not
react immediately to the jump, and which had more 
uctuations before converging to the correct
model. The simulation example also showed that the IMM algorithm had only about half the total
integrated error relative to both the MM and MAP estimates over the course of the treatment.

The IMM algorithm was then applied to a real clinical data set. The IMM algorithm was not
as decisive as it was on simulated data, but it was able to track the response of the changing
patient quite successfully. An apparent di�culty was that the truth model after the jump was not
well represented within the IMM's discrete set of models. To overcome this, an additional model
was added to the model set. The IMM was re-run and was able to catch the jump cleanly, and
with improved tracking performance. The good tracking behavior of the IMM estimation algorithm
suggests that it could be used bene�cially to extend the present Multiple Model (MM) active control
approach in Bayard (1995) to computing dosage regimens for changing patients. This conjecture
remains to be examined in more detail in the future.

The results indicate that the IMM algorithm is a good method for tracking time-varying phar-
macokinetic parameter values, especially when the discrete prior contains models which are repre-
sentative of the truth model before and after any jumps. Ideally, existing population models should
be augmented with models that support the consideration of such jump parameter scenarios. In
practice, this might be done by,

1. using population models based on more patients studied, not just the 14 subjects used in the
present example

2. detecting jumps in past records and re�tting models to the data separately before and after
the jumps,

3. developing new population modeling techniques which systematically account for jumps in the
data.

The best method for augmenting existing population models for the purpose of tracking such
jumps remains as an interesting area for further investigation.
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