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Abstract

In this paper, we develop a nonparametric maximum
likelihood method for estimating the mixing distribution of
a population of nonlinear stochastic dynamical systems. In
our application to pharmacokinetics, this includes popula-
tion models with process and measurement noise. Most
research in mixing distributions only consider measurement
noise. The advantages of the models with process noise are
that, in addition to the measurement errors, the uncertain-
ties in the model itself are taken into the account. For ex-
ample, in pharmacokinetic models, errors in dose amounts,
administration times, and timing of blood samples are typi-
cally not included. For linear stochastic models, we can use
linear Kalman-Bucy filtering to calculate the likelihood of
the observations. For nonlinear stochastic models, we use
particle filtering to calculate the likelihood of the observa-
tions and then employ a convex optimization algorithm to
find the nonparametric maximum likelihood estimate of the
mixing distribution. We then use the directional deriva-
tives of the estimated mixing distribution to show that the
result found attains a global maximum. Several examples
are given using simulated data from a one compartment
pharmacokinetic nonlinear stochastic model with randomly
changing parameters.

AMS Subject Classification: 65C35, 62P10, 49N45,
49N99, 68U20, 92C45

Key Words and Phrases: mixing distribution, stochas-
tic models, nonparametric maximum likelihood, convex op-
timization, pharmacokinetic population models.

1 Introduction

In this paper, we develop a nonparametric maximum likelihood
method for estimating the mixing distribution of a population of
nonlinear stochastic dynamical systems. In our application to phar-
macokinetics, this includes population models with process and
measurement noise and randomly changing IOV parameters. Most
research in mixing distributions only consider measurement noise.
The advantages of the models with process noise are that, in ad-
dition to the measurement errors, the uncertainties in the model
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itself are taken into the account. For example, in pharmacokinetic
models, errors in dose amounts, administration times, and timing
of blood samples are typically not included. For linear stochas-
tic models, we can use linear Kalman-Bucy filtering to calculate
the likelihood of the observations. For nonlinear stochastic models,
we use particle filtering to calculate the likelihood of the observa-
tions and then employ a convex optimization algorithm to find the
nonparametric maximum likelihood estimate of the mixing distri-
bution. We then use the directional derivatives of the estimated
mixing distribution to show that the result found attains a global
maximum. Several examples are given using simulated data from a
one compartment pharmacokinetic nonlinear stochastic model with
process noise, measurement noise and randomly changing parame-
ters.

The mixing distribution problem we consider can be stated pre-
cisely as follows. Let Y1, Y2, ..., YN be a sequence of independent
but not necessarily identically distributed random vectors. Each Yi
is a vector of one or more observations from each of N subjects in
the population. Let θ1, θ2, ..., θN be sequence of independent and
identically distributed random vectors belonging to a compact sub-
set Θ of Euclidean space with common but unknown distribution
F . The {θi} are not observed. It is assumed that the conditional
densities p(Yi|θi) are known, for i = 1, ..., N . The mixing distribu-
tion of Yi with respect to F is given by p(Yi|F ) =

∫
p(Yi|θi)dF (θi).

Because of independence of the {Yi}, the likelihood of the mixing
distribution of the all the Yi with respect to F is given by

L(F ) = p(Y1, ..., YN |F ) =
N∏
i=1

∫
p(Yi|θi)dF (θi) (1)

The mixing distribution problem is to maximize L(F ) with re-
spect to all distributions F on Θ.

It is important later to note that L(F ) is a convex function of
F . Further, it is shown in Lindsay, 1983 [L83] and Mallet, 1986
[M86],under simple hypotheses, that the global maximizer FML

of L(F ) is a discrete distribution with at most N support points,
where N is the number of subjects in the population and a support
point is a vector of model parameter values with nonzero probabil-
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ity.
It is common in the literature on mixing distributions to con-

sider a deterministic model of the conditional density p(Yi|θi), i.e.
to consider Yi to be a function of θi with additive measurement
noise νi, which is assumed to be normally distributed with mean
vector zero and known covariance matrix Vi(θ). In practice how-
ever the model for p(Yi|θi) is not deterministic as it is affected by
the random state-space process of generating Yi. For example, in
case of pharmacokinetic problems, errors in the dose amount and
timing, so called process noise, are not included in the deterministic
models. It is shown in Jelliffe et al. 1992 [JSG92], that the resulting
drug concentrations are heavily influenced by these kinds of errors.
The fundamental importance of our paper is that the method we
describe is able to account for process and measurement noise in the
models. In particular, we consider Yi to be a vector of discrete mea-
surements for a linear or nonlinear stochastic differential equation,
where the state vector includes process noise and the measurement
vector includes measurement noise.

Once the exact form of the conditional density p(Yi|θi) has been
determined, there are a number of algorithms that can be used
for solving the mixing distribution problem, see Yamada et al.
2021 [YNB+21], and the references therein. In this paper we use
the Primal Dual Interior Point Method of Convex Optimization,
[YNB+21].

This paper is organized in the following way. In Section 2 we
discuss the types of models considered based on the form of the con-
ditional densities {p(Yi|θi)}. In Section 3 we show that the task of
determining log likelihood can be reduced to a problem of calculat-
ing p(yi(k+1)|yi1, ..., yik), where yi1, ..., yik are measurements at times
t1, t2, ..., tk for each individual subject i. We discuss briefly common
simple regression models, which do not allow for the important
process noise errors. Then in Sections 3.1 and 3.2 we introduce
the main models of interest, where Yi is the discrete measurement
for a stochastic differential equation. These stochastic models ac-
commodate process noise errors. For linear stochastic differential
equations, the differential equations can be exactly represented by
discrete time equations. The likelihood function can be calculated
exactly in terms of a linear Kalman-Bucy filter [KSG15]. For non-
linear stochastic differential equations, when exact representations
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are not possible, numerical discretization methods must be used.
The likelihood function can be calculated approximately using a
particle filter [ref.], among other methods, eg. Extended Kalman
Filtering [MKD+07], and MCMC [DS13].

Equally important in this paper is the method for calculating the
global optimum FML. This is discussed in Section 4. Our method
is different from the popular methods in the literature, [DS13]. Our
method is called Nonparametric Adaptive Grid (NPAG), see[YNB21].
It is based on modern convex analysis and adaptive discrete opti-
mization. We note that there is a simple condition, which guaran-
tees that a proposed solution F is indeed a global optimum. This
is unique to convex optimization and is employed in this paper.

Finally in Section 5, we end with an important application of
the paper to pharmacokinetic population models. We study a one-
compartment model with process and measurement noise and give
numerical examples. In particular, we simulate measurements with
different amount of process and measurement noise and then com-
pare the simulated distributions F to the estimated distributions
FML, using a two-sample Kolmogorov-Smirnov test [P83]. The re-
sults show that sample from the simulated distribution F can not
be distinguished from the sample from the estimated distributions
FML at the 5 percent level of significance.

2 Models

The difficulty of the mixing distribution problem is determined by
the form of the conditional densities p(Yi|θi).

2.1 Nonlinear Regression Models

Most of the results in the literature for this mixing distribution
problem assume a regression equation of the form

Yi = hi(θi) + νi, i = 1, ..., N (2)

where hi is a known vector function and νi is the normal measure-
ment noise with mean vector zero and known covariance matrix
Vi(θ). In this case p(Yi|θi) = η(Yi, hi(θi), Vi(θ)), where η(Y,M,Σ)
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is the density of the multivariate normal distribution with mean
vector M , covariance matrix Σ, evaluated at the vector Y .

2.2 Stochastic Differential Equation Models

In this paper we consider the mixing distribution problem in a much
more general setting. It is assumed that the observation vector Yi
is the discrete output of a stochastic differential equation (SDE)
as described below, where we have suppressed the subscript i for
simplicity.

dx(t) = f(x, u, t, θ)dt+ g(x, u, t, θ)dW (t), t ≥ t0, (3a)

x(t0) ∼ N(x̂0(θ),Σ0(θ)) (3b)

yk = hk(x(tk), u(tk), θ) + νk, k = 1, ...,m (3c)

In (3a) at time t, x(t) is the state vector; u(t) is a known piece-
wise continuous input; θ ∈ Θ is a vector of subject-specific param-
eters; f and g are known continuous vector functions; W (t) repre-
sents the standard Wiener process with the property that W (0) = 0
and for t > 0 and d > 0, W (t+d)−W (t) ∼ N(0, d), where N(m,S)
represents the multivariate normal distribution with mean vector
m, covariance matrix S. In (3c) at time tk, yk is the noisy mea-
surement vector; hk is a known continuous vector function; and
νk ∼ N(0, Vk(θ)) is the vector measurement noise.

In the case when f and g are linear functions of their respective
arguments and g does not depend on x(t), the stochastic system of
(3a),(3b) and (3c) is called linear. Otherwise the system is called
nonlinear.

3 Likelihood Calculations

By the telescoping property of conditional densities we have:

p(Yi|θ) = p(yi1, ..., yim|θ) =
m−1∏
k=0

p(yi(k+1)|yi1,...,yim,θ) (4)

and therefore the log likelihood function can be written as
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l(F ) = log(L(F )) = log(p(Y1, ..., YN |F ))

=
N∑
i=1

log(

∫ m−1∏
k=0

p(yi(k+1)|yi1, ..., yim, θ)dF (θ))
(5)

Let Iik = (yi1, ..., yik;ui1, ..., uik) be a vector of all measurements
and inputs. The crux of the likelihood calculation is in the calcu-
lation of p(yi(k+1)|Iik, θ) for an individual subject.

In the regression case of Eq. (2), p(yi(k+1)|Iik, θ) = p(yi(k+1)|θ),
and the problem is much simpler. In the general case of Eqs. (3a) -
(3c) , the calculation of p(yi(k+1)|Iik, θ) is a problem of nonlinear fil-
tering. For the application to population parmacokinetics, Klim et
al. 2009 [KMK09], approximate this calculation with the extended
Kalman filter. Donnet and Samson, 2014 [DS14] use MCMC meth-
ods. Approximations by particle filtering has been determined to
be the most accurate, see Crisan and Doucet, 2002 [CD02] and
Gordon, Salmond and Smith [GSS93].

3.1 Continuous state-discrete observations lin-
ear stochastic model

In this subsection, we consider the linear stochastic case. Assume
we focus on an individual subject. The subscript i will be sup-
pressed. Now consider Eqs. (3a) - (3c), and assume f, g and h are
linear matrix/vector functions. Eqs. (3a) - (3c) then become

dx(t) = A(t, θ)x(t)dt+B(t, θ)u(t)dt+ σdW (t), t ≥ 0; (6a)

x(t0) ∼ N(x0(θ),Σ0(θ)), (6b)

yk = Ck(θ)x(tk) + vk, k = 1, ...,m, (6c)

where A(t, θ), B(t, θ) and Ck(θ) are known continuous matrices.
Now assume u(t) is piece-wise constant with u(t) = uk+1 on the
interval [tk, tk+1]. Then, using the Ito formula, Eq.(6a) can be in-
tegrated over the interval [tk, tk+1] to give an exact discrete time
system [J80, p. 199)]:

xk+1 = Ak(θ)xk +Bk(θ)uk + wk+1(θ);x(t0) ∼ N(x0(θ),Σ0(θ)) (7)
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where xk = x(tk); Ak(θ) = Φ(tk+1, tk, θ) is the fundamental matrix
of the homogeneous part of Eq.(6a),

Bk(θ) =

∫ tk+1

tk

Φ(tk, s, θ)B(s, θ)ds;

wk+1(θ) =

∫ tk+1

tk

Φ(tk+1, s, θ)σdW (s);

(8)

and wk+1(θ) is a zero mean Gaussian sequence with the covariance
matrix

E[wk+1(θ)wk+1(θ)
T ] =

∫ tk+1

tk

σ2Φ(tk+1, s, θ)Φ
T (tk+1, s, θ)ds, (9)

The main theoretical result for calculating p(yk+1|Ik, θ) in the
linear stochastic system of Eqs.(6)-(9) is given by the following
Proposition, which is proved in Kumar and Varaiya (1986) [KV86].

Proposition: Define

xk+1|k(θ) = E[xk+1|Y k]

Σk+1|k(θ) = E[(xk+1 − xk+1|k)(xk+1 − xk+1|k)
T |Y k]

(10)

where Y k = (y1, ..., yk). Then the conditional density p(yk+1|Y k, θ)
is normal with mean vector Ck+1(θ)xk+1|k and covariance matrix
Ck+1(θ)Σk+1|kCk+1(θ)

T + Vk+1.
Note: In[KV86] the above Proposition is proved in the case that

the control uk is a nonlinear feedback function of Y k .

3.2 Linear SDE vs Nonlinear SDE

The linear SDE given by Eqs.(6a)-(6c) benefit from two properties:

1. The continuous time equation Eq.(6a) has an exact discrete
time solution Eq. (7).

2. The likelihood function given by Eq.(5) has an exact solution.

The likelihood function can be calculated by linear Kalman-
Bucy filtering [KSG15].
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In the nonlinear case of Eqs.(3a)-(3c), these benefits do not hold
except for a few special examples. So instead of 1. we have

1’. The continuous time equation Eq.(6a) has to be calculated
by a numerical approximation.

To implement this we use the Euler-Maruyama method (E-M)
[KP93]

And instead of 2. we have

2’. The likelihood function calculation is a problem in nonlinear
filtering.

To implement this we use the Particle Filtering (PF) method
described in Schoen et al. 2005 [SGN05].

Nonlinear pharmacokinetic example: First consider the
simple deterministic one-compartment model with bolus input B0

dX/dt = −KX(t), t > 0,

X(0) = B0

(11)

where K is the ’elimination rate constant’. Adding process noise
and writing in standard SDE form we have:

dX(t) = −KX(t)dt+ σ1dW1, t > 0,

X(0) = X0

(12)

In reality, the so-called the ”Elimination Rate Constant’ K is
not constant but varies randomly about its mean. We model K by
the SDE

dK = −(K–K0)dt+ σ2dW2,

K(0) = K0

(13)

Eq.(13) is ”mean-reverting”, which means that the random so-
lution K tends to its mean value, which is appropriate for an Elim-
ination Rate Constant . Now Eq.(13) is linear, but combined with
Eq.(12) we have a nonlinear system. Note for later purposes, if
σ2 = 0, then K(t) ≡ K0
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The measurement equation we consider is

Y (tk) = X(tk)/V + σ3vk,

vk ∼ N(0, 1), k = 1, 2, . . . , N
(14)

where V ol = V is the ”volume of distribution”.

3.3 Numerical Experiments

To illustrate the novel aspects of our stochastic population analysis,
we sometime assume V ≡ 1. The population parameter is now K0

and we are interested how K0 varies over the population. Since
our population parameter K0 is 1-dimensional, the graph of the
gradient of the log-likelihood is more informative.

Otherwise we assume that for each subject V is constant but
varies over the populations with a normal distribution

V ∼ 1.0 + 0.2N(0, 1) (15)

We will do a number of experiments to show that our numerical
methods are consistent with the exact solutions. For our approx-
imate examples, we will treat equations (12) - (13) as a nonlinear
SDE and use the Euler-Maruyama (E-M) method for solution (not
to be confused with the Dempster-Laird EM algorithm of statistics)

Now let us consider the general nonlinear vector valued SDE:

dX = F (X)dt+G(X)dW,

X(0) = X0

(16)

For Eq.(16), the Euler-Maruyama method then gives the dis-
crete time system:

X(tk+1) = X(tk) + F (X(tk))∆k +G(X(tk))(W (tk+1)–W (tk)),

∆k = tk+1–tk
(17)

We consider our original problem (12) - (14) on the time interval
[0, 1] with measurements at the 5 points t = {0.2, 0.4, 0.6, 0.8, 1}.
For the discretized system we choose a small number ∆ so that
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the SDE evaluation times are at s = {0,∆, 2∆, . . . ,m∆}, where
m = 1/∆. Assume 0.2 = L∆, then the measurements occur at the
times M = {L∆, 2L∆, 3L∆, 4L∆, 5L∆}.

One of the problems with comparing exact solutions vs approx-
imate solutions is that the dynamics are evaluated at every ∆ time
units, while the measurement are evaluated only at every L∆ time
units. To approximate the solution of (12) - (13) at the discrete
values of [0, 1], the increment ∆ must be small. On the other hand,
the additional times the system has to be evaluated gives rise to ad-
ditional numerical calculations and errors. So a compromise must
be chosen, see [DS14].

Just like the problem of making ∆ too small, there is a similar
problem of making the number of particles in PF too large, see
[DS14]

Reflecting Boundary. Also note that the solution K(t) to
Eq.(13) may become negative, even if K0 > 0. To mitigate against
this possibility, we set [−∞, 0] as a ”Reflecting Boundary” as fol-
lows: For a particular subject, let K(j), j = 1, 2..., j1 be the discrete
values for E-M method in Eq.(17) until K(j1 + 1) < 0, in which
case set K(j1 + 1) = K(j1). Then continue the E-M method un-
til K(j2 + 1) < 0, in which case set K(j2 + 1) = K(j2). Etc. See
[LS84] for justification.

4 Optimization of the Likelihood

Of equal importance in calculating the maximum likelihood esti-
mate is the optimization of the likelihood function in Eq.(5) with
respect to F .

4.1 Nonparametric Maximum Likelihood by Con-
vex Optimization

In this paper, the optimization of L(F ) in Eq. (1) will be done by
convex programming. Consider a set of points Θ′ = (θ1, ..., θn) in
Θ. Then the objective function L(Fn) restricted to Θ′ is given by
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L(Fn) =
N∏
i=1

n∑
k=1

wkp(Yi|θk) (18)

where Fn is a discrete distribution with support points on Θ′ and
corresponding weights (wk).

The problem of maximzing L(Fn) with respect to (wk) is convex.
We solve this problem by the Primal-Dual Interior-Point method,
for details see Yamada et al. 2021 [YNB+21]. This method is very
fast and allows for high dimensional n.

Let F ∗n be the maximizer of L(Fn) and FML be the maximizer
of L(F ). If Θ is compact and the probabilties p(Yi|θk) are piecewise
continuous, then it can be shown that L(F ∗n) tends to L(FML) as n
goes to infinity, see [BW12]. Further the distribution F ∗n converges
to FML in the weak topology [BW12]. This implies, for example,
that the moments of F ∗n (like means and variances) converge to the
corresponding moments of FML.

For the low dimensional numerical experiments in Section 5, we
can choose our subset Θ′ such that the difference between the log-
likelihoods log(L(F ∗n)) and log(L(FML)) is less than 1%, see Section
4.2 for details. For higher dimensional problems, our Nonparamet-
ric Maximum Likelihood method will require our Adapted Grid
method. For complete details see Yamada et al. 2021 [YNB+15].

In all of our numerical experiments, the discrete subset Θ′ will
consist of quasi-random Halton points [H64]. The term Nhalton
will be the number of Halton points.

Note: Halton points are deterministic low-discrepancy sequences
used to generate points in space for numerical methods such as
Monte Carlo simulations. Halton points have better uniform cov-
ering properties than uniform random points.
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4.2 Directional derivative conditions to check
optimality

One method to check that F ∗n has converged to a global maximum
is described in Lindsay 1983 [L83]. It uses the so-called directional
derivative to check if a current distribution F is in fact optimal.
(Convexity theory is unique in this sense that a proposed maxi-
mizer can be checked for optimality). For this purpose we need the
directional derivative D(F, θ) of F in the direction of the atomic
distribution δ(θ). It follows D(F, θ) is defined by

D(F, θ) =
N∑
i=1

p(Yi|θ)
p(Yi|F )

−N, θ ∈ Θ (19)

Theorem (Lindsay 1983 [L83], ): FML is the distribution that
maximizes L(F ) in Eq. (1) with respect to all distributions on Θ if
and only if

max[D(FML, θ) : θ ∈ Θ] = 0 (20)

Moreover to be optimal, the support of FML must be contained
in the set of θ for which the function D(FML, θ) attains a global
maximum.

In addition, Lindsay 1983 [L83] has a very practical result which
can be used to test how close any distribution F is to FML. Namely,

|log(L(FML)− log(L(F ))| ≤ N · log(1 + d/N) (21)

where d = max[D(F, θ) : θ ∈ Θ].

In our applications, we apply this criterion to the distribu-
tion F ∗n , i.e, the optimal F on the discrete set Θ′. To check that
log(L(F ∗n)) is within 1% of log(L(FML) we devide the r.h.s. of
Eq.(21), by |log(L(F ∗n)|. This implies Eq.(22) since

|log(L(F ∗n))| ≤ |log(L(FML)| (22)

Note: In Experiments 1 and 2 below, we run our NPML al-
gorithms to convergence by using the Adaptive Grid part of our
NPAG program [YNB+21]. In this way we can check empirically
that the theoretical results based on the discrete subset Θ′ are in
fact valid on the whole space Θ.
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5 Applications to Pharmacokinetic Pop-

ulation Analysis

Consider again our one compartment PK model for drug concen-
tration X(t) with additive process noise and random ”Elimination
Rate Constant” K(t). Our SDE is then given by Eqs. (12) and
(13), with measurement Eq. (14).

In all experiments the number of subjects will equal 100. Fur-
ther, the initial conditionK0 will vary randomly over the population
with a bimodal distribution
F (K0) = 0.5 ∗N(m1, s

2
1) + 0.5 ∗N(m2, s

2
2)

with m1 = 0.5,m2 = 1.5, s1 = 0.05, s2 = 0.15.
We note that the estimated distributions also show bimodality.

In Experiments 2 and 3, V ol will be a known constant equal to
1. This allows for the graph of D(F, θ) to be very instructive.

In Experiments 1 and 4, V ol will be constant but unknown
for each subject, and will vary randomly over the population with
distribution:

F (V ol) = 1 + 0.2 ∗N(0, 1)
Again, the population analysis problem is to estimate the dis-

tribution of population parameter vector (K0, V ol) given the data
of Eq. (14) for each subject.

Note: For population pharmacokinetic models, there are two
types of parameters which are relevant for our numerical Experi-
ments. A parameter is said to have property IIV (Inter-Individual
Variability), if the parameter is constant for each subject but varies
randomly over the population. Examples are the above parameters
V ol = V and Kel(0) = K0. The estimation of the distribution of
IIV parameters is the subject of pharmacokinetic population anal-
ysis.

A parameter is said to have property IOV (Inter-Occasion Vari-
ability), if for each subject, the parameter varies randomly over the
course of therapy. An example of an IOV parameter is the above
Kel = K(t)
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Initially, an IOV parameter was defined as a stepwise constant
function with random jumps at arbitrary occasions [KS93]. Lavielle
and Delattre questioned the propriety of this definition and pro-
posed instead that an IOV parameter should be modeled as contin-
uous stochastic process defined by a Stochastic Differential Equa-
tion (SDE) [LD12]. Deng et al. 2016 [DPK16]. proposed the same
model and we adopt this definition.

5.1 Testing accuracy of the estimated distribu-
tions

In all of our experiments, we check the accuracy of our algorithms
by testing the hypothesis that the original distribution F is well
approximated by the estimated distribution F ∗n . To accomplish
this we use the Two Sample Kolmogorov-Smirnov (KS) test. KS
tests the Null Hypothesis that independent samples from F and F ∗n
are drawn from the same underlying distribution (at a 5% level of
significance).

Further we use Eq. (22) to check that

|log(L(FML)− log(L(F ∗n))|/|log(L(F ∗n))| ≤ 1% (23)

Experiments 2 and 3 have only one random variable, i.e. K0.
In this case the Matlab program ”kstest2.m” accomplished the KS
test. One the other hand Experiments 1 and 4 have two random
variables, i.e. (Kel, V ol). In this case Matlab has no 2-dimensional
KS test. For this purpose we use the 2-dimensional KS test of Pea-
cock [P83].

Both KS tests require independent samples from F and F ∗n . For
independent samples from F we use what was generated. On the
other hand, our method defines F ∗n as a discrete distribution. To
generate independent samples from F ∗n , we use the Matlab program
”gendist.m” which generates M independent samples from a given
discrete distribution. In all cases we take M equal to 100 (the num-
ber of subjects).

We will consider 4 numerical experiments:
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Experiment1 :σ1 = 1, σ2 = 0,Vol ∼ random
Experiment2 :σ1 = 1, σ2 = 0,Vol = 1
Experiment3 :σ1 = 1, σ2 = 1/2,Vol = 1
Experiment4 :σ1 = 1, σ2 = 1/2,Vol ∼ random

There are three ”constants” which determine the accuracy of
the program:

1) The step size (delt) in the E-M method
2) The number of particles (Nparticle) in PF
3) The number of support points (Nhalton) in the feasible region

Θ
In Experiments 1 and 4, the feasible region is all (Kel, V ol) in

the set Θ =[0.35, 2]×[0.35, 2.0] .
In Experiments 2 and 3 there is only one parameter to be up-

dated, namely K0. Therefore the feasible region is all Kel in the
set Θ =[0.35, 2].

Accuracy Requirements
In all of our experiments, we solve for F ∗n on a sufficiently dense
discrete subset Θ′ contained in Θ. In this case we can use the
convex program described in Section 4.1 without adding the more
complicated Adaptive Grid method. We have shown in these Ex-
periments that the maximum likelihoods on Θ′ and Θ differ by less
that 1 percent.

In Experiments 1 and 2, using the appropriate KS test, we show
that KS accepts the Null Hypothesis that independent samples from
the approximate F ∗n and the exact FML are drawn from the same
underlying distribution (at a 5 percent level of significance).

In Experiments 3 and 4, we show that KS accepts the Null Hy-
pothesis that independent samples from the approximate F ∗n and
the initial distribution F are drawn from the same underlying dis-
tribution (at a 5 percent level of significance).

Finally, in Experiments 1 and 2, using the theory of Section 4.2,
we show that the difference between the Log-Likelihoods L(F ∗n) and
L(FML) differ by less than 1 percent. We will refer to the above
conditions as the Accuracy Requirements
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For 100 subjects in the population, we show that we can achieve
the above Accuracy Requirements with the following initial condi-
tions:

Initial Conditions:
i) delt = 0.002
ii) Nparticle = 1000
iii) Nhalton = 4000 for the feasible set Θ = [0.35, 2]× [0.35, 2.0]
iv) Nhalton = 1000 for the feasible set Θ = [0.35, 2]

We first consider

Experiment1 :σ1 = 1, σ2 = 0,Vol ∼ random
This experiment is used only to check the accuracy of the our Euler-
Maruyama (E-M) method for solving the SDE of Eqs. (12)-(13)
and our Particle Filter (PF) method of calculating likelihoods. As
σ2 = 0, Eqs. (12)-(13) are now linear and we can find the exact
solution to the SDE and the exact calculation of the log-likelihood.
Using the program in [KSG+15] for the exact solution and our E-
M and PF programs for the approximate solution, we verify that
our Accuracy Requirements are satisfied. The initial distribution is
given in Figure 1 and the estimated distribution is given in Figure
2. Note that the estimated distribution captures the bi-modality
of the original distribution. We compare the program in [KSG+15]
which uses the linearity of Eqs (12)-(14) to give exact solutions to
the SDE and Kalman filtering to calculate the exact likelihoods with
our current program which uses E-M and PF for the same purposes.
Both programs use the same optimizer, the same observations and
the same initial grid on the feasible set [0.35, 2]× [0.35, 2].

Relative to the Accuracy Requirements, the Initial Conditions
specifically are sufficient so that the resulting Log-Likelihoods L(F ∗n)
and L(FML) differ by less than 1 percent. Further the 2-dimensional
KS test of Peacock accepts the Null Hypothesis that independent
samples from the approximate F ∗n and the exact FML are drawn
from the same underlying distribution (at a 5 percent level of sig-
nificance).

As this is sufficient accuracy, we will use the above initial conditions
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for our Experiments 1 and 4.

In Experiments 2 and 3, V ol = 1 and there is only one IIV
parameter K0 which we assume is in the feasible set [0.3:2]. In this
case Initial Condition iii) is replaced by

iv) Nhalton = 1000 on the feasible set [0.35, 2]

Experiment2 : σ1 = 1, σ2 = 0,Vol = 1
The conditions for this population analysis experiment are the

same as Experiment 1, except that now we assume V ol = 1. Again
we verify hat the Accuracy Requirements are satisfied. Since there
is only one updated parameter, K0, the graph of the gradient
D(FML, θ) as a function of θ in Figure 3 is more instrctive. Recall
that FML

n is infact the nonparametric maximum likelihood method
estimate of the the population distribution if and only if

Dmax=max[D(FML
n , θ) : θ ∈ Θ] = 0

Further, from Eq. (21) the difference between the estimated log
likelihood and the maximum log likelihood is less than Nlog(1 +
Dmax/N).
In this example Dmax was calculated to be Dmax=3.4*e-07.

Figure 1: 100 Subjects - Initial Kel Distribution

Our (NPML) estimate is the discrete distribution FML given
graphically in Fig. 2.

Note: To test the Hypothesis that F = FML we use the Two
Sample KS Matlab program ”kstest2.m”.

18



Figure 2: 100 Subjects - Estimated Kel Distribution - σ2 = 0

Figure 3: Gradient of Log-Likelihood

Experiment3 : σ1 = 1, σ2 = 1/2,Vol = 1
In this population analysis experiment we assume σ2 = 1/2. All

other details are the same as in Experiment 2. The trajectories of
X(t) and K(t) are given in Fig. 4 and Fig. 5. There are now two
IIV paramters K0 and V .

Figure 4: 100 Concentrations

In Experiment 3,our SDE system of Eqs (12)-(14) is nonlinear
and we can not compare our likelihood results with exact values
as before. To check the correctness of our algorithm, we still can
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Figure 5: 100 Elimination Rate Constants

compare the initial distribution of F in Fig. 1 with the estimated
NPML distribution FML in Fig. 6.

Figure 6: 100 Subjects - Estimated Kel Distribution - σ2 = 0.5

Using the Kolmogov-Smirnov test, we again accept the hypoth-
esis: F = FML at the 5% level of significance.

The Gradient of the Log-Likelihood is now two dimensional and
is shown to have the required properties for convergence.

Experiment4 : σ1 = 1, σ2 = 1/2,Vol ∼ random
In this experiment we assume V ol ∼ random. All other details

are the same as in Experiment 3.
In this experiment our SDE system in Eqs. (12)-(14) is nonlin-

ear and we can not compare our likelihood results with exact values
as before. Further, for some realizations K(t) can become negative.
To mitigate this problem, we set [−∞, 0] to be a Reflecting Bound-
ary as described above.

To check the correctness of our algorithm, we still can again
compare the initial distribution of F in Fig. 1 with the estimated
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NPML distribution FML . Using the 2-dimensional KS Peacock
test, we again accept the hypothesis: F = FML at the 5% level of
significance.

Further, as discussed in Section 4.2, the two-dimension Gradient
of the Log-Likelihood has the required properties for convergence
of the algorithm.

6 Conclusions

In this paper, we developed a nonparametric maximum likelihood
(NPML) method for estimating the mixing distribution of a pop-
ulation of nonlinear stochastic dynamical systems. Our main ap-
plication is to population pharmacokinetics, which include phar-
macokinetic models with process and measurement noise and ran-
domly changing parameters. Our models are defined by a system
of stochastic differential equations (SDE). We solve the SDEs nu-
merically using the Euler-Maruyama (E-M) method. We calculate
the corresponding likelihoods using a Particle Filter (PF). The ac-
curacy of our NPML algorithm depends on 3 quantites: 1) the
number and size of the discretetization steps in solving the SDE,
2) the number and placement of the initial grid of support points
and 3) the number of particles in the PF. We test the accuracy of
our NPML method in a number of ways: final likelihood values and
final distributions.

All our Experiments have 100 subjects in the population. Our
PK model is one-compartment with IV bolus, additive process
noise, Volume of Distribution V ol changing from subject to subject
(inter-subject variabilty IIV) and the Elimination Rate Constant
Kel changes from subject to subject (IIV) and randomly changes
for each subject during therapy (inter-occasion variability IOV).
In Experiment 1, we only consider IIV changes in V ol and Kel.
The resulting model is linear and we can compare our NPML re-
sults in likelihood and distribution with the exact answers. In the
rest of our numerical Experiments, our model is nonlinear and we
check likelihood accuracy using the theoretical properties of the
likelihood gradient D(F, θ) and compare distributions usin KS. In
Experiments 2 and 3, we assume V ol is known but Kel is both IIV
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and IOV. In Experiment 4 we allow IIV in V ol and both IIV and
IOV in Kel. In this case Kel can become negative. To mitigate
this problem we use a Reflecting Boundary for the Kel SDE.

7 Future Work

The Euler-Maruyama method for solving SDEs is slow and inac-
curate without taking a very fine discretization. In the sequal to
this paper, we will use a much better SDE solver. Then using the
Adaptive Grid part of NPAG, we can run our numerical Experi-
ments 2-4 to convergence and verify the convergence criterion used
for the initial set of support points.

For practical purposes, one of the best SDE solvers is the pro-
gram SRIW1 in the Julia software package [BEK+17]. SRIW1 is
an adaptive stochastic Runge-Kutta method [RN17]. Fortunately,
Julia programs can be called from R, which is the primary lan-
guage used in our existing Pmetrics modeling and simulation pack-
age [NGY+12] and will be the primary language of our new SDE
NPML programs.
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